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Abstract
We give a geometric interpretation for D-branes in the c = 1 string theory. The
geometric description is provided by complex curves which arise in both CFT and matrix
model formulations. On the CFT side the complex curve appears from the partition
function on the disk with Neumann boundary conditions on the Liouville field (FZZ
brane). In the matrix model formulation the curve is associated with the profile of the
Fermi sea of free fermions. These two curves are not the same. The latter can be seen as a
certain reduction of the former. In particular, it describes only (m, 1) ZZ branes, whereas
the curve coming from the FZZ partition function encompasses all (m,n) branes. In fact,
one can construct a set of reductions, one for each fixed n. But only the first one has
a physical interpretation in the corresponding matrix model. Since in the linear dilaton
background the singularities associated with the ZZ branes degenerate, we study the
c = 1 matrix model perturbed by a tachyon potential where the degeneracy disappears.
From the curve of the perturbed model we give a prediction how D-branes flow with the
perturbation and derive the two-point bulk correlation function on the disk with the FZZ
boundary conditions.
1 Introduction
Recently, a considerable progress has been achieved in understanding of non-perturbative
physics in non-critical string theories. The progress has been made both from the CFT and
from the matrix model side. On the CFT side, the breakthrough happened due to [1, 2]
where the relevant boundary conditions in Liouville theory have been discovered and some
structure constants also have been computed. These boundary conditions preserve the confor-
mal invariance and can be associated to D-branes in non-critical strings. Then the modular
properties with the boundary conditions of [1] have been considered in [3], and other struc-
ture constants have been found in [4, 5, 6]. In the matrix model formulation, some new
non-perturbative effects have been calculated and identified with the ones coming from the
D-branes [7, 8, 9, 10, 11, 12, 13, 14, 15]. All comparisons between the two approaches showed
perfect agreement and even led to a new proposal for the matrix description of string theories
with world sheet supersymmetry, type 0A and 0B theories [16, 17, 18].
Most of non-perturbative effects found in the matrix models were shown to correspond to
the Dirichlet boundary conditions on the Liouville field which describe the so called ZZ branes
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[2]. There is a two-parameter family of consistent boundary conditions of this type which are
referred as (m,n) branes. But only the basic (1, 1) brane played a role in the recent analysis
[9, 11]. Later, however, it was found that in the c = 1 string theory the one-parameter set of
(m, 1) branes can be relevant [12].
On the other hand, it is known that the Dirichlet boundary states can be obtained as
a combination of the Neumann boundary states [4, 8, 19, 6], i.e., there is some non-trivial
relation between the ZZ and FZZ branes constructed in [1]. For c < 1 string theories, a nice
geometric interpretation for this relation as well as for the origin of these D-branes was found
in [20] and then obtained an explicit matrix model realization in [21]. It was shown that the
partition function of the FZZ boundary state gives rise to a Riemann surface. Its singularities
are associated to the ZZ branes whose partition functions can be obtained as line integrals
of a certain one-form around non-trivial cycles on the curve. Moreover, the curve appears to
be the same as the one describing the ground ring of bulk operators and the resolvent of the
corresponding matrix model.
Regarding these results, it is natural to try to generalize them to the case of c = 1 string
theory, which was the subject of the main interest in the study of tachyon condensation in non-
critical strings. The present paper is supposed to fulfill this task. Namely, we construct complex
curves M and ΣMQM coming from the FZZ partition function and from Matrix Quantum
Mechanics (MQM), respectively. We show how they are related to each other and how they
incorporate non-perturbative physics.
There are two main problems which appear when one generalizes the results of [20] to the
c = 1 case. The first one is that the complex curve of [20] degenerates in the limit c → 1 in
the sense that all singularities collapse to two points. Due to this reason and to find some new
interesting information, we study the curve of the c = 1 string theory perturbed by the Sine–
Liouville potential, which allows to distinguish between different ZZ branes. On the MQM
side the exact solution of the perturbed theory is known [22], whereas in the CFT formulation
we can perform calculations only in the first order in the perturbation. To this order we find
agreement with the matrix model results and we suppose that it holds to be true to all orders.
With this assumption, the exact solution of the perturbed MQM allows us to make some
predictions concerning disk correlation functions in the c = 1 string theory.
The second problem is that, unlike the c < 1 case, the complex curve M following from
the FZZ partition function is not quite the same as the curve ΣMQM appearing in MQM and
which was shown to describe the ground ring of the c = 1 string theory [23]. The latter (in the
non-perturbed case) is given by the standard hyperboloid, whereas the former topologically
coincides with its universal covering. We will show that the relation between them is similar
to the relation between the resolvent and the density in the matrix model represented by a
matrix chain. This relation appeared recently in the study of the boundary ground ring of the
c = 1 string [24].
The fact that the two curvesM and ΣMQM are not the same has an important consequence.
Whereas the curve M is able to incorporate all (m,n) ZZ branes, the hyperboloid describes
only a subset of them, the (m, 1) branes. Thus, only this subset seems to be physically relevant
in the c = 1 theory. This fact was noted previously within the MQM formulation in [12].
The paper is organized as follows. In the next section we construct the complex curve
ΣMQM which describes the solution of MQM perturbed by a tachyon potential. Its real section
coincides with the profile of the perturbed Fermi sea of the singlet sector of MQM, whereas the
orthogonal section gives fermionic trajectories in Euclidean time. We show that the classical
one-fermion action evaluated on closed Euclidean trajectories reproduces the non-perturbative
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contributions to the free energy calculated in [11, 12] and given by the disk partition functions
of the (m, 1) ZZ branes. Each closed trajectory is associated with a singularity of ΣMQM where
the curve has a self-intersection. In [20] such singularities were interpreted as pinched cycles.
Then in section 3 we analyze complex curves arising in the CFT formulation. First, we
construct the complex curve M coming from the FZZ partition function by taking the limit
c → 1 of the curve considered in [20, 21]. All basic conclusions of [20], such as the D-branes
are given by line integrals and the ZZ branes are associated to non-trivial closed cycles passing
through the singularities ofM, remain to be true. Second, we show what one needs to do with
M to get a complex curve Σ1 coinciding with the matrix model curve ΣMQM . The equivalence
of the matrix model and the CFT constructions, namely that Σ1 = ΣMQM , which is supposed to
be true in the full perturbed theory, is proven to the first order in the Sine–Liouville coupling.
After that we demonstrate that all singularities of Σ1 correspond to the (m, 1) branes
and derive a generalization of the relation between the FZZ and ZZ partition functions. In
particular, we also predict how the positions of the (m, 1) branes on the Riemann surface M
change with the Sine–Liouville coupling. Then we show that one can actually construct a
Riemann surface Σn for each set of (m,n) branes with fixed n. But at the same time we argue
that the perturbation seems to remove the singularities of Σn and, therefore, only the (m, 1)
branes remain in the theory. Finally, we give some comments on an interesting symmetry of
Σ1 under rotations. This symmetry has a clear origin in the discrete translational symmetry of
the Sine–Liouville action, but it can still have non-trivial implications for the non-perturbative
physics.
We conclude with discussion of the found results. In Appendix B the reader can find a new
result on the two-point correlation function of the Sine–Liouville operator on the disk with the
FZZ boundary conditions derived from the MQM complex curve.
2 Geometric description of instanton contributions in
the perturbed MQM
2.1 MQM solution of Sine–Liouville theory
We start from a review of the matrix model description of the c = 1 string theory in non-
trivial tachyonic backgrounds. (For a nice review of the c = 1 string theory we refer to [25, 26],
a recent review on MQM is [27].) Mostly we will be interested in a particular case of such
backgrounds which is described by the so-called Sine-Liouville theory. The CFT action in this
case contains, besides the usual Liouville term, one vertex operator of momentum 1/R:
SSL =
1
4pi
∫
d2σ
[
(∂X)2 + (∂φ)2 + 2Rˆφ+ µ
L
φe2φ + λ
L
e(2−
1
R
)φ cos (X/R)
]
. (1)
As it is well known, the non-perturbed c = 1 string theory is equivalent to the singlet
sector of MQM, which provides a powerful description in terms of free fermions in the inverted
oscillator potential. A way to introduce tachyon perturbations in the fermionic picture was
suggested in [22]. It essentially uses the light cone representation of MQM based on the light
cone like coordinates in the phase space of fermions
x
±
=
x± p√
2
. (2)
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It was shown that the tachyon perturbations correspond to deformations of one-fermion wave
functions in this representation
ΨE±(x±) = e
∓iϕ±(x± ;E)ψE
±
(x
±
), (3)
ϕ±(x± ;E) = V±(x±) +
1
2
φ(E) + v±(x±;E), (4)
where
ψE
±
(x
±
) =
1√
2pi
x±iE−
1
2
±
(5)
are non-perturbed eigenfunctions of the inverse oscillator Hamiltonian
Hˆ0 = −1
2
(xˆ
+
xˆ
−
+ xˆ
−
xˆ
+
). (6)
The perturbation is completely defined by the asymptotic part V± of the perturbing phases.
The rest contains the zero mode φ(E) and the part v± vanishing at infinity. They are to
be found from some compatibility condition and expressed through the parameters of the
potentials V±.
A special class of perturbations is given by the potentials V± of the following form
V±(x±) =
∑
k≥1
t±kxk/R± . (7)
It was proven that in this case the perturbed system is described by a constrained Toda
hierarchy [22]. This fact allows to apply the technique of integrable systems and to find an
explicit solution. In the simplest case, when only the first coupling constants, t±1, are non-
vanishing, the perturbed MQM gives a description of the Sine-Liouville theory (1).
In the quasiclassical limit the system is described by the Fermi sea made of the free fermions.
All dynamical information can be extracted from its exact form which is given by a curve in
the phase space. The position of the curve is defined by the compatibility of the following two
equations
x
+
x
−
= µ+W±(x±;µ) =
1
R
∑
k≥1
kt±k xk/R± + µ+
1
R
∑
k≥1
v±k(µ) x−k/R± , (8)
where W± = ∂±ϕ± and µ is the Fermi level. The solution can be presented in the parametric
form. We restrict ourselves only to the case of the Sine-Liouville potential with t1 = t−1 = λ.
Then one obtains
x
±
(ω) = e−
1
2R
χω±1(1 + aω∓
1
R ), (9)
µe
1
R
χ − 1
R2
(
1− 1
R
)
λ2e
2R−1
R2
χ = 1, a = λ
R
e
R−1/2
R2
χ. (10)
The equation (8) appears in the formalism of Toda hierarchy as one of the constraints (string
equation). Another constraint is the requirement that x
±
(ω, µ) describe a canonical transfor-
mation from the canonical set of variables (log ω, µ)
{x
−
, x
+
} = 1⇔ {µ, logω} = 1. (11)
Thus, the symplectic structure on the phase space is induced by the commutation relations on
the Toda lattice.
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The quantity χ in (9) is related to the spherical part of the grand canonical free energy by
χ = ∂2µF0. The string coupling gs, which generates the genus expansion of the free energy, can
be associated either with µ or λ. Let us choose the second possibility. Then it is convenient
to introduce the following scaling variables
y = µξ, ξ =
(
1− R
R3
λ2
)− R
2R−1 ∼ g−1s . (12)
Here we imply the restriction 1/2 < R < 1. We need to impose it because the solution is not
analytic in R and has two critical points corresponding to the self-dual radius R = 1 and the
radius R = 1/2 of the Kosterlits–Thouless phase transition. We choose the interval containing
T-dual of the black hole point R = 3/2 [28, 29]. However, the most of our results are also true
for R > 1, possibly, with modification (1 − R) → |R − 1|. In terms of the variables (12) the
equation (10) for the free energy can be rewritten as [29]
y = e−
1
R
X − e− 1−RR2 X , χ = R log ξ +X(y). (13)
Note that after a T-duality transformation, all results found in this way coincide with the
corresponding results for the system perturbed by windings [29, 30]. For the general potential
(7), the T-duality transformation reads as follows
R→ 1/R, µ→ Rµ, tn → R−nR/2tn. (14)
The scaling parameters introduced in (12) transform under the T-duality as
ξ → ξ/R, y → y. (15)
2.2 Leading instanton contributions in SL theory
The instanton corrections to the free energy of MQM with the Sine–Liouville perturbation were
investigated in [11, 12]. In that papers a T-dual model was considered where the theory was
compactified on a time circle of radius R and, instead of the tachyon, a winding perturbation
was introduced. However, the results found in [11, 12] can be immediately translated to our
case applying the T-duality transformation (14) or (15). As a result, we have the following
picture.
In the c = 1 matrix model there is an infinite set of non-perturbative corrections labeled by
k ∈ N. They appear in the formula for the non-perturbed free energy and are given by e−2pikµ
[31, 32, 33, 34, 35]. If the theory is compactified on a radius R, there appears an additional set
of corrections of the form e−2pikRµ [36]. These two sets have a natural interpretation from the
CFT point of view as contributions of string disk amplitudes with the Dirichlet and Neumann
boundary conditions on the matter field X , respectively. In both cases a Dirichlet boundary
condition on the Liouville field is imposed. It was argued [12] that this should be the (k, 1) or
(1, k) boundary condition of Zamolodchikovs [2].
After a tachyon perturbation, the second set disappears, whereas the corrections from the
first set become dependent on the parameters of the perturbation. In the case of the Sine–
Liouville perturbation, to the leading order they have the following form
εk(µ, y) ∼ e−µfk(y) . (16)
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where the functions fk(y) are given by
fk(y) = 2φk(y) +
2(2R−1)
y
√
1
R
−1e
− 1
2R2
X(y) sin
(
1
R
φk(y)
)
, (17)
sin (φk) = a(y) sin
(
1−R
R
φk
)
(18)
with the same parameter a as in (10). Note that the functions fk have the same parametric
form for all k and the functions φk(y) are directly related to the derivative of fk(y):
φk(y) =
1
2
∂y(yfk(y)). (19)
Different corrections (16) are distinguished by different solutions of the equation (18). The
solutions are evident in the limit where the perturbation is absent. Therefore, they can be
characterized by the initial conditions at λ = 0
lim
y→∞φk(y) = pik. (20)
Their explicit expansion in λ reads as follows
φk(y) ≈ pik + 1
R
sin
(
pik
R
)
µ−
2R−1
2R λ+
1− R
2R3
sin
(
2pik
R
)
µ−
2R−1
R λ2 +O(λ3). (21)
Let us now reproduce these results from the analysis of the fermionic tunneling which
will provide a natural interpretation for the parameters φk. In the spherical approximation
a fermion propagating over the Fermi sea is decoupled from it. Therefore, to this order the
perturbed system can be reformulated as a fermion moving in the perturbed potential at the
Fermi level. The perturbed Hamiltonian is defined as a consistent solution of the following
equations [22]
H(x
+
, x
−
) = −x
+
x
−
+W±
(
x
±
,−H(x
+
, x
−
)
)
(22)
with the potentials W±(x± ;µ) defined in (8). The classical action can be written as
Sferm =
∫
dt
(
px˙−H(x
+
, x
−
)− µ
)
. (23)
The last term appears due to the passing to the grand canonical ensemble of MQM and fixes
the energy of the fermion to be equal to −µ.
The classical trajectories of this system, which are solutions of the equation
H(x
+
, x
−
) = −µ, (24)
given in the parametric form in (9). It turns out that the parameter ω is directly related to
time t.1 Indeed, the equations of motion read
x˙
±
= {x
±
, H} = ∂logωx± , (25)
1Note that this time does not coincide with time of MQM in the initial interpretation where we perturbed
the wave functions (the state of the system) instead of the Hamiltonian. The dependence of that time is always
described through x
±
(t) = e±tx
±
(0).
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where we used (24) and (11). Therefore, one can identify
t = logω. (26)
When we quantize the theory, the classical trajectories (9) give the leading contribution
to the path integral. At the same time, the instanton contributions are related to classical
trajectories of the system analytically continued to imaginary time t→ −iτ . The trajectories
are still described by (9). However, the parameter ω is not real anymore. The relation (26)
implies that it should be a pure phase ω = e−iτ . This is consistent with the fact that in
imaginary time x
±
(τ) should be complex conjugated to each other since the momentum p =
x
+
−x
−√
2
becomes pure imaginary.
The crucial fact is that the functions φk(y) are exactly the moments of Euclidean time
τ when the momentum p vanishes. Indeed, taking ω±k = e∓iφk , one finds that x+(ω±k) =
x
−
(ω±k). Moreover, since x(ωk) = x(ω−k), we see that the Euclidean trajectory has self-
intersections at the points corresponding to these values of the parameter
xk =
√
2e−
1
2R
χ
(
cosφk + a cos
(
1− R
R
φk
))
, pk = 0. (27)
Thus, varying τ in the interval [−φk, φk], one obtains a closed curve on the plane (x, ip)
with 2k intersections of the line p = 0. Note that the most right point of each curve is
x0 =
√
2e−
1
2R
χ (1 + a), whereas the most left point, in general, does not belong to the axis
p = 0.
With each closed curve one can associate an instanton contribution to the free energy. The
leading contribution is given by the Euclidean action evaluated on the classical trajectory,
Ainst ∼ exp
(
−SEferm
)
. In our case one obtains
SEferm(k−inst) =
φk∫
−φk
dτ
(
−ip∂τx+H(x+ , x−) + µ
)
= i
φk∫
−φk
x
−
∂τx+dτ = 2
µ∫
φkdµ, (28)
where we took into account the equation (24) valid on the classical trajectories and used the
canonical transformation (11). The boundary terms coming from the kinetic term disappear
since the trajectories are closed. Due to the relation (19) the last integral reproduces fk(y)
from (17).2
Besides, we note that the T-dual instanton contributions can be obtained from non-closed
trajectories going from τ = 0 to τ = 2pikR
SEferm(k˜−inst) =
2pikR∫
0
dτ
(
−ip∂τx+H(x+ , x−) + µ
)
= 2pikRµ (29)
what follows from the explicit relation (8) between x
+
and x
−
. This fact will get a geometric
interpretation in the next subsection.
Finally, to complete the picture, we mention that the same classical action evaluated on
the real trajectory x
±
(ω), ω ∈ R reproduces the perturbative part of the free energy [37].
2The relation of the Euclidean action to the non-perturbative corrections was first suggested by I. Kostov
and proven in the first orders in λ in [21].
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2.3 Complex curve of the perturbed c = 1 matrix model
The analysis of the previous section shows that it is natural to consider a complex curve
defined by the equation (24) where now the light-cone coordinates x
±
are considered as complex
variables. Let us call it ΣMQM . Due to (28) and (29) the instanton contributions are given
by integrals along various cycles on this curve. This result, together with the analysis of
string theories with the central charge c < 1 [20, 21], indicates that the curve should have an
interpretation in terms of D-branes. We will reveal such interpretation in the next section.
Here we will describe the main properties of the complex curve (24) as they appear in the
matrix model.
The curve can be thought as a surface in C2 with the flat coordinates (x
+
, x
−
). Explicitly,
it is described by the functions x
±
(ω) given in (9) where i log ω = τ ∈ C. Thus, τ is a uni-
formization parameter of this Riemann surface. However, if we are interested in the properties
of its embedding into C2, they are quite non-trivial.
Let us first consider the complex curve of the non-perturbed theory. It represents the
standard hyperboloid
x2 − p2 = µ. (30)
Since in the parameterization
x =
√
µ cosh(iτ), p = −√µ sinh(iτ) (31)
we allow for the parameter τ to run over the whole complex plane, the complex curve actually
wraps the hyperboloid infinitely many times.
Due to this infinite wrapping the arising picture is quite degenerate. As we will see, the
perturbation removes the degeneracy. To understand the picture after the perturbation, we
analyze the properties of the complex curve ΣMQM in the initial coordinates (x, p). We will
distinguish two cases: when the parameter R is rational or not.
2.3.1 Rational R
Let R = r/s with relatively prime integers r and s. From the solution (9), it is clear that in
this case nothing changes after shifting the uniformization parameter by 2pir. This indicates
that the complex curve wraps a figure in C2 infinitely many times as in the non-perturbed
case. However, now the figure is more complicated than the hyperboloid (30).
To understand its structure, let us consider a section of the Riemann surface by the plane
x
+
= x∗
−
. (32)
The section is given by some closed curve which coincides with the trajectory of a fermion
in Euclidean time discussed in the previous section. Several examples of such trajectories for
various values of the radius are given in fig. 1.a and 2. It has 2r intersections with the p = 0
axis. Among them two are simple intersections and at 2r−2 points on the p = 0 axis the curve
has self-intersections. They correspond to r non-trivial solutions of the equation (18) and are
given in (27). All other solutions can be obtained by either adding 2pirn or inverting the sign.
The solutions φrn = pirn are special. They are exact solutions and do not get λ corrections.
They can be also written as φrn = piRsn = φ˜sn what shows that the corresponding instanton
contributions coincide with the T-dual ones. The special role of these solutions is obvious also
from the geometric picture: they give just the two points on the p = 0 axis where the curve
does not have self-intersections.
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Figure 1: The case of a rational value of the radius: R = 2/3. a) Section of the complex
curve ΣMQM by the plane (32) giving a trajectory in Euclidean time. b) Section of the curve
by the plane (33) giving the profile of the Fermi sea and a finite number of points on the p = 0
axis.
Note that there are also many other self-intersections of the curve. All of them can be
obtained in two ways: either from the self-intersections of the original curve belonging to the
p = 0 axis by rotating it to the angle 2piRn, or from the curve obtained with −λ by rotating
it to the angle (2n− 1)piR. Both transformations are symmetries of the curve.
Another useful characteristic of the Riemann surface is the section by the plane
x
+
= x∗
+
, x
−
= x∗
−
, (33)
which corresponds to the real phase space of MQM. In this case the Riemann surface induces
on this plane one hyperbolic like curve, which coincides with the profile of the perturbed Fermi
sea, and a finite number of points (27) on the p = 0 axis (see fig. 1.b).
It is clear that a similar picture arises on each plane
x
+
= e4piiRnx∗
+
, x
−
= e4piiRnx∗
−
, (34)
which is obtained by rotation of the plane (33) by 2piRn. Thus, one has a ‘Fermi sea’ attached
to the turning point of each loop of the Euclidean trajectory. It is not a real Fermi sea (except
the cases when 2nR ∈ Z) because its coordinates are complex. It represents the directions in
C2 where the effective Hamiltonian (22) is unbounded from below.
2.3.2 Irrational R
In this case the solutions of (18), φk, are all irrational and the corresponding points xk densely
fill the interval [−x0,−b x0]∪ [b x0, x0], where b = |1−a|1+a . This shows that the degeneracy of the
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Figure 2: Trajectories in Euclidean time for a) R = 3/4, b) R = 4/7.
non-perturbed theory is completely removed and the Riemann surface represents a deformed
hyperboloid wrapping infinitely many times, but each time along a different trajectory in C2.
This can be illustrated again taking the section by the plane (32). The section gives a curve
densely filling a ring as shown on fig. 3. It has infinitely many self-intersections. All points
(27) correspond to self-intersections since there are no coincidences between φk and T-dual φ˜k.
The sections by the planes (34) induce the same picture as in the previous case except that
the number of points on the p = 0 axis is now infinite.
We conclude that the Riemann surface ΣMQM associated with the solution of the perturbed
MQM has a structure of a deformed hyperboloid wound infinitely many times. It has singu-
larities which can be interpreted as pinched cycles or self-intersections. The self-intersections
situated on the p = 0 plane are given by the points (27) which, as we saw in the previous
subsection, are associated with the instanton effects. If one removes the perturbation, the
singularities (27) degenerate approaching two points xk→(−1)k√µ and they are distinguished
only by the number of windings around the origin.
The results (28) and (29) imply that the kth instanton contribution can be calculated as
a contour integral of the holomorphic differential ip dx around the cycle going through x0 and
xk, whereas its T-dual contribution is given by the same integral along the contour joining
two ‘Fermi seas’. Therefore, one can associate the two types of instantons with the following
trajectories of fermions:
1) The non-perturbative contributions (16) to the free energy arise when a fermion starts
from the usual Fermi sea (fig. 1.b), moves along the hyperbolic trajectory, then at the turning
point x0 it passes to the Euclidean trajectory, makes a closed loop there returning to x0, and
goes away along the second half of the hyperbolic trajectory.
2) The T-dual non-perturbative contributions, which do not depend on λ, appear from
fermions which come again from the usual Fermi sea, pass to the Euclidean trajectory and
10
–15
–10
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0
5
10
15
–10 10
Figure 3: Trajectory in Euclidean time for an irrational value of the radius.
at the moment τ = 2pikR pass to the ‘Fermi sea’ attached to the corresponding point of the
trajectory. After that they go to infinity inside this ‘complex Fermi sea’.
Thus, to get the former type of corrections the fermion should return to the same Fermi
sea which it started with, whereas in the latter case it passes to another sea somewhere in the
complex space.
Finally, we make several remarks concerning the constructed complex curve. First, the
complex curve provides a geometric interpretation for the c = 0 critical limit. It is known that
increasing the Sine–Liouville coupling λ one reaches a critical point where the system behaves
as the c = 0 theory [38]. It was shown that the function φ1(y) vanishes in this limit [11]. Thus,
the critical behaviour happens when a singularity of the Riemann surface approaches a turning
point, x1 → x0. Note that other singularities remain away from this point what means that
the non-perturbative effects associated with them disappear in the critical limit [12].
The second remark is that ΣMQM is actually the same complex curve which was considered
in [37, 15]. However, in that papers the curve was investigated in the coordinates (x1/R
+
, x1/R
−
).
In these coordinates it looks quite different. In particular, the section by the plane
x1/R
+
= (x1/R
−
)∗, (35)
which plays the role of the plane (32) in the new coordinates, always induced a closed curve.
Therefore, the singularities, which we analyzed here and which are related to the non-perturbative
effects, were not seen.
Finally, ΣMQM should have a direct relation to the ground ring of the perturbed c = 1
theory because it is defined by a deformation of the ground ring equation [23]. Besides, a
similar curve in the c < 1 case also has such a relation [20].
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3 Complex curve and D-branes in c = 1 string theory
In this section we turn to the CFT description of the c = 1 string theory. We show how the
complex curve described in the previous section arises in the CFT framework from the disk
partition function and how it incorporates information about various D-branes. We start by
reviewing some known facts about D-branes in Liouville theory (which are the main non-trivial
part of the c = 1 branes). A review of recent developments in Liouville theory can be found
in [39].
3.1 Review of D-branes in Liouville theory
Liouville theory appears when one considers (a matter coupled to) two-dimensional gravity in
the conformal gauge. It is defined by the following action:
SL =
1
4pi
∫
d2σ
[
(∂φ)2 +QRˆφ+ µ
L
e2bφ
]
. (36)
The central charge of this CFT is given by
cL = 1 + 6Q
2 (37)
and the parameter b is related to Q via the relation
Q = b+
1
b
. (38)
In general, b and Q are determined by the requirement that the total central charge of matter
and the Liouville field is equal to 26. In the case when matter is represented by a minimal
(p, q) model with the central charge cp,q = 1− 6 (p−q)2pq , the relation (37) implies that
b =
√
p/q. (39)
The coupling to the c = 1 matter corresponds to the limit b → 1. Although we are mostly
interested in this limit, usually, quantities found in Liouville theory have singularities at this
point which indicates that Liouville couplings should be renormalized. Therefore, sometimes
we keep the parameter b arbitrary and take the limit in the final results.
An important class of conformal primaries in Liouville theory corresponds to the operators
Vα(φ) = e
2αφ (40)
whose scaling dimension is given by ∆α = ∆¯α = α(Q−α). The Liouville interaction in (36) is
δL = µ
L
Vb.
The boundary wave functions corresponding to Neumann boundary conditions (FZZ branes)
were constructed in [1]. There is a one parameter family of Neumann boundary conditions
which are labeled by the boundary cosmological constant µ
B
. It is convenient, however, to
introduce a new parameter s via the relation
µ
B
=
√
µ
L
sin(pib2)
cosh(pibs). (41)
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Then the Liouville boundary state is written as
〈Bs| =
∫ ∞
0
dP cos(2piPs)Ψ(P )〈P |, (42)
where 〈P | is the Ishibashi state for the Liouville field and
Ψ(P ) = D
(
piµ
L
γ(b2)
)− iP
b Γ(1 + 2iP b)Γ (1 + 2iP/b)
ipiP
. (43)
Here γ(x) = Γ(x)
Γ(1−x) and D is some numerical constant independent of all parameters. The
full boundary wave function cos(2piP s)Ψ(P ) includes both s- and P -dependent parts. It gives
one-point correlation functions of the vertex operators (40) on the disk with the Neumann
boundary conditions defined by µ
B
(41). The label of the vertex operators is related to the
momentum P via iP = α−Q/2.
We included the undetermined constant D to have exact coincidence of the boundary wave
function and the one-point correlators. It is difficult to fix it directly from this condition. (See,
for example, [11] for discussion of the related question for the Dirichlet boundary function.)
In principle, it can be found from the multi-point correlation functions [24], but we will leave
it non-fixed since it does not influence our results.
The boundary states corresponding to Dirichlet boundary conditions (ZZ branes) are given
by [2]
〈Bm,n| = 2C
∫ ∞
0
dP sinh(2pinPb) sinh(2pimP/b)Ψ(P )〈P | (44)
with the same Ψ(P ) as in (43) and
C =
D−1
23/4
√
pi
. (45)
The normalization coefficient was discussed in detail in [11]. We choose it as in that work
where it was shown that this normalization reproduces the matrix model result (17) for the
non-perturbative corrections. An important fact is that the ZZ state can be obtained as a
difference of two FZZ states [4, 8, 20]
〈Bm,n| = C
[
〈Bs(m,n)| − 〈Bs(m,−n)|
]
, s(m,n) = i
(
m
b
+ nb
)
(46)
what follows from the comparison of (42) and (44). The boundary cosmological constant
corresponding to s(m,n) is
µ
B
(m,n) =
√
µ
L
sin(pib2)
(−1)m cos pinb2, (47)
and due to µ
B
(m,−n) = µ
B
(m,n) we subtract two states with the same boundary cosmological
constant.
In the c = 1 limit the distinction between (m,n) and (n,m) branes disappears. Besides,
all (m,n) branes correspond to the same (up to sign) boundary cosmological constant
µ
B,c=1
(m,n) = (−1)m+n√µc=1, (48)
where we introduced the renormalized Liouville couplings
µc=1 = lim
b→1
[
pi(1− b2)µ
L
]
, µ
B,c=1
= lim
b→1
[
pi(1− b2)µ
B
]
. (49)
This degeneracy corresponds to the degeneracy of singularities of the complex curve ΣMQM of
the non-perturbed MQM found in the previous section. We expect that it is removed by the
introduction of a perturbation.
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3.2 Complex curve from FZZ boundary state
Following to [20], we expect that all information about D-branes can be encoded in the Riemann
surface coming from the partition function of the FZZ boundary state. Since the c = 1 limit
is little bit subtle and since we want to trace out also all normalization coefficients, we start
by repeating the calculation of [20]. We will show that even all coefficients fit nicely into the
unified picture.
The FZZ partition function can be calculated by integrating the one-point correlator of the
cosmological constant operator3
− ∂µ
L
ZFZZ
∣∣∣
µ
B
= 〈Vb〉s = cosh ((2b−Q)pis)Ψ(i(Q/2− b))Zc=1Dir
= 23/4D
(
piµ
L
γ(b2)
) 1
2(
1
b2
−1) Γ (b2) Γ (2− 1/b2)
(b− 1/b)pi√R cosh ((b− 1/b)pis) , (50)
where we used the disk partition function of the compactified scalar field with Dirichlet bound-
ary conditions (see, for example, [11])
Zc=1Dir = 2
−1/4/
√
R. (51)
The integration gives the following result
ZFZZ = −27/4D
(
piµ
L
γ(b2)
) 1
2(
1
b2
+1) Γ (1− b2) Γ (2− 1/b2)
b(1− 1/b4)pi2√R
×
(
b2 cosh (pibs) cosh (pis/b)− sinh (pibs) sinh (pis/b)
)
. (52)
As in [20] we take the derivative with respect to µ
B
and get
∂µ
B
ZFZZ
∣∣∣
µ
L
= −D 2
7/4bΓ (2− 1/b2)
pi
√
R
(
piµ
L
γ(b2)
) 1
2b2 cosh (pis/b) . (53)
In the case of minimal models coupled to gravity the complex curve describing the ground
ring and giving a geometric interpretation to D-branes arose as the Riemann surface of the
quantity (53) considered as a function of µ
B
/
√
µ
L
[20]. However, the naive limit b→ 1 in (53)
leads to a trivial term proportional to µ
B,c=1
. In fact, taking into account the renormalization
(49), one observes that this non-universal leading term is divergent and should be subtracted.
Therefore, we define
w(s) ≡ lim
b→1
[
1
pi(1− b2)
(
∂µ
B
ZFZZ + 4DZc=1Dir
bΓ (2− 1/b2)
Γ(1− b2) µB
)]
= −D˜√µc=1
(
1
2
cosh(pis) logµc=1 + pis sinh(pis)
)
, (54)
where we introduced the normalization coefficient
D˜ =
27/4
pi2
√
R
D =
4
pi2
DZc=1Dir . (55)
3The minus sign comes from the minus in front of the action in the Euclidean path integral.
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Figure 4: Section of the complex curve M by the plane µ
B,c=1
= µ∗
B,c=1
, w = w∗ (with
R = 1/
√
2, µ
c=1
= 1). The singularities correspond to two points (58) and ZZ branes are
associated with closed cycles passing these singularities.
Considered as function of the complex parameter
µ
B,c=1
=
√
µc=1 cosh(pis), (56)
the quantity (54) defines a non-trivial Riemann surface M. As in the case of c < 1 string
theories, it provides a geometric interpretation to all D-branes.
First of all, the FZZ partition function can be considered as a line integral from some fixed
point P ∈M of the one-form w dµ
B,c=1
ZFZZ =
∫ µ
B
P
w dµ
B,c=1
. (57)
To understand the geometric origin of ZZ branes, we should analyze the singularities of M
[20]. The singularities correspond to the points where the complex curve has self-intersections
or, in other words, two values of s give the same coordinates (µ
B,c=1
, w). It is clear that there
is a one-parameter set of such values, sk = ik, k ∈ N, which is the b→ 1 limit of s(m,n) from
(46).4 All of them correspond only to two points on the complex curve:(
(−1)k√µc=1 ,
D˜
2
(−1)k+1√µc=1 logµc=1
)
. (58)
Thus, in this case the singularities are infinitely degenerate and all (m,n) ZZ branes sit at the
points (58). This situation is illustrated on fig. 4 by a particular section of the surface M.
Evaluating the integral of the one-form w dµ
B,c=1
around a cycle on M going from sk1 to sk2
(k1 and k2 should be of the same parity to have a closed cycle) and taking into account the
relation (46), one finds∮
k1→k2
w dµ
B,c=1
= ZFZZ(sk1)− ZFZZ(sk2) = C−1ZZZ
(
k1 + k2
2
,
k1 − k2
2
)
. (59)
Thus, as in the c < 1 case, the ZZ branes can be thought as closed cycles running through
singularities of the Riemann surface M of the FZZ partition function. Actually, the relation
(59) holds also for the boundary states and not only for the partition functions.
4Both µ
B,c=1
and w are symmetric functions of s. Therefore, varying s over the whole complex plane, we
cover the curve two times and this symmetry does not produce singularities.
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3.3 Relation between FZZ and MQM complex curves
However, it is clear that the Riemann surface M does not coincide with the matrix model
hyperboloid (30). In this section we show how the matrix model curve ΣMQM can be constructed
from the FZZ partition function.
It is clear that the one-point boundary correlator (54) is related to the resolvent of the
corresponding matrix model. On the other hand, the hyperboloid of MQM arises from the
density function. Due to this, it is natural to define
ρ = − 1
2pii
(w (s+ i)− w (s− i)) , (60)
where w is related to ZFZZ as in (54). We claim that the function ρ(µ
B,c=1
) is the same, up
to normalization which will be established soon, as the function p(x) defined in MQM. As a
result, the Riemann surface defined by ρ(µ
B,c=1
), we will call it Σ1, coincides with the complex
curve arising in the matrix model description of the c = 1 string theory: Σ1 = ΣMQM . This
statement is supposed to be true not only in the original c = 1 string theory but also in the
perturbed one. We will verify it in the first two orders in the perturbative expansion in the
Sine-Liouville coupling λ.
Since the curve ΣMQM describes the ground ring of the c = 1 string theory, (60) gives
a relation between the bulk ground ring and the disk partition function. The origin of this
relation is not evident. We believe that it can be better understood from the results found
in [40, 41, 24], where a similar relation appeared between the density and the resolvent of a
matrix chain. The latter can be thought as a discretization of MQM at distance pi/2. However,
an interpretation of this relation directly from the CFT point of view is still missing.
Let us check that our identification is correct comparing the complex curves coming from
the matrix model and from D-branes up to the first order in the perturbative expansion in λ.
The matrix model curve ΣMQM is defined by (9) and in the coordinates (x, p) takes the form
x(τ) =
√
2µ
(
cos τ +
λ
R
µ
1
2R
−1 cos
((
1− 1
R
)
τ
))
+O(λ2), (61)
p(τ) = −i
√
2µ
(
sin τ +
λ
R
µ
1
2R
−1 sin
((
1− 1
R
)
τ
))
+O(λ2). (62)
Solving the first equation with respect to τ , one finds
τ(x) = τ0(x) +
λ
R
µ
1
2R
−1 cos
((
1− 1
R
)
τ0(x)
)
sin τ0(x)
+O(λ2), (63)
where
x =
√
2µ cos τ0(x). (64)
Finally, the substitution of (63) into (62) gives
p(τ0) = −i
√
2µ
(
sin τ0 +
λ
R
µ
1
2R
−1 cos
τ0
R
sin τ0
)
+O(λ2). (65)
Now we consider the function ρ(s) in the theory with the Sine–Liouville perturbation. The
leading order in λ is given by (60) with w(s) from (54). The result is
ρ0(s) = −D˜√µc=1 sinh(pis). (66)
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The next order term is
ρ1 = lim
b→1

λL 〈cos (X/R)〉Dir
2pii

∂µB
〈
Vb− 1
2R
〉
s+i/b
− ∂µ
B
〈
Vb− 1
2R
〉
s−i/b
pi(1− b2)



 . (67)
The one-point function of cos (x/R) on the disk with Dirichlet boundary conditions is the same
as (51)
〈cos (X/R)〉Dir = 2−1/4/
√
R. (68)
From the explicit form of the boundary wave function (43), one finds
ρ1(s) = λL
(√
µ
c=1
) 1
R
−1 23/4D Γ2
(
1− 1
R
)
sin
(
pi
R
)
pi2
√
R
cosh
(
pis
R
)
sinh(pis)
. (69)
Taking together (66) and (69), one obtains
ρ(s) = −D˜√µc=1

sinh(pis)− pi
2
γ
(
1− 1
R
)
λ
L
µ
1
2R
−1
c=1
cosh
(
pis
R
)
sinh(pis)

+O(λ2
L
). (70)
A direct comparison of (70) and (65) is not straightforward because the coefficients can
depend on a relative normalization of the CFT and matrix model couplings. This relative
normalization can be fixed considering bulk correlators on a sphere. This is done in Appendix
A. The result (95) together with (56) and (64) shows that up to a coefficient the function (70)
is exactly the same as (65). Thus, we proved that the complex curves ΣMQM and Σ1 arising in
the perturbed MQM and from the FZZ partition function of Sine–Liouville theory, respectively,
coincide in the first order in the perturbation coupling. We suggest that the identification is
actually valid to all orders in λ.
From this result we also see that the Liouville boundary parameter s is identified with the
parameter τ0 (64), which in the leading order coincides with Euclidean time of the perturbed
MQM,
iτ0 = pis. (71)
However, our results imply that in the perturbed theory it is more natural to introduce a
λ-dependent parameterization of the boundary cosmological constant coming from the full τ .
In particular, it is τ , and not s, that is the uniformization parameter of the complex curve Σ1.
Let us fix also the relative normalization of ρ(µ
B,c=1
) and p(x). First of all, using the relation
between µ
L
and µ and comparing (56) with (64), we can write a relation between µ
B,c=1
and
the fermionic coordinate x
µ
B,c=1
x
=
(pi3R)
1/4
√
2
. (72)
Then the relation between ρ (70) and p (65) is
C˜ ≡ p
ρ
=
pi5/4R1/4
25/4D
= piC
µ
B,c=1
x
(73)
with the coefficient C from (45). This allows to write (60) in the following form
p(τ0) = −C
2i
[∂xZFZZ (i (τ0/pi + 1))− ∂xZFZZ (i (τ0/pi − 1))] , (74)
where we used the identifications (72) and (71). This equation gives the precise relation of
the complex curve of MQM, describing, in particular, the profile of the Fermi sea, to the disk
partition function of the FZZ boundary state in the (perturbed) c = 1 string theory.
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3.4 Complex curve and ZZ branes
In section 3.2 it was shown that the (m,n) ZZ branes are associated with the singularities of
the Riemann surface M. What happens with these branes when we pass from M to Σ1? We
expect that the branes are again associated with the singularities of the complex curve. The
singularities were analyzed in section 2.3 and, indeed, they were shown to give rise to instanton
effects. However, there is only a one-parameter set of the non-perturbative effects, which was
argued to correspond to the (k, 1) or (1, k) branes [12]. Thus, all other (m,n) branes somehow
disappear from our description. Let us study this in more detail.
First, we start with the non-perturbed case. Then the singularities ofM correspond to the
one-parameter set of sk = ik, k ∈ N. The two-parameter set of ZZ branes appears because
each brane is associated with a pair of values of the parameter s giving the same point on
the curve (they define a closed cycle). Since all k of the same parity define the same points
(58), one obtains that any pair s(m,±n) = sm±n defines a ZZ brane. The same story happens
for the non-perturbed complex curve Σ1 defined by (60). However, in this case a closed cycle
corresponding to the pair s(m,±n) gives a difference of (m+ 1, n) and (m− 1, n) branes.
However, when one includes the Sine–Liouville perturbation, the singularities corresponding
to sk move away from their initial positions (58) and there is still only a one-parameter set of
the singular points on the curve Σ1.
5 Indeed, to have a singularity, one should find a pair of
values of s, say s′ and s′′, which give the same point on Σ1, i.e., the same boundary cosmological
constant µ
B,c=1
and function ρ. From (56) one finds that s′′ = ±s′+2ik. With a non-vanishing
λ (and generic R), k 6= 0 can not be realized because the second term in (70) will be for sure
different. Hence, we remain with the only possibility s′′ = −s′. Taking into account that
even the perturbed ρ(s) is antisymmetric, or, equivalently, the boundary correlator w(s) is
symmetric, all singularities are given by equation
ρ(s) = 0⇔ p(τ) = 0. (75)
It is easy to check that all solutions of the latter are given by φk from (18) and correspond to
the singular points (27).
Thus, only a one-parameter set of singularities survives the perturbation. All of them lie
on the p = 0 axis and flow with λ as predicted by the λ-dependence of φk (21). In section 2.2 it
was proven that they are associated with the non-perturbative effects which, as it was shown
in [11, 12] in the first order in λ, arise from the (k, 1) branes. (Since in the non-perturbed c = 1
theory (m,n) branes are identical to (n,m) branes, we can choose to call the branes appearing
in the perturbed MQM as (k, 1).) There are no singularities on Σ1 which correspond to (m,n)
branes with n > 1.
Due to this identification one can write a generalization of the relation between the FZZ
and ZZ boundary states (46) to the case of Sine–Liouville theory. Since Σ1 = ΣMQM we
can work with the coordinates (x, p) instead of (µ
B,c=1
, ρ). Let us pick up a singularity of the
Riemann surface Σ1 at the point (xk, 0) (27). It corresponds to two values of the uniformization
parameter τ = ±φk. However, since the relation between the complex curves M and Σ1 is
defined in terms of the parameter τ0, one should obtain the two values of this parameter,
±τ0(k, 1), corresponding to the position of the singularity. This can be done by comparing
5We consider only singularities which originate from (58). As it was mentioned in section 2.3, there are
many other singularities which all can be obtained by a certain rotation of the complex curve. They appear
when we pass from M to Σ1 and will be discussed later.
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(27) and (64) and gives the following explicit result
τ0(k, 1) = pik + arccos
[
y−1/2e−
1
2R
X(y)
(
cosφk + a(y) cos
(
1−R
R
φk
))]
. (76)
If one wants to write an expansion in the Sine–Liouville coupling, it is enough to substitute
the corresponding expansion of φk (21). Note that near the singularity the expansion (63),
as well as (65), breaks down and it cannot be used. The reason is that all terms turn out to
be of the same order O(
√
λ). Fortunately, in this case we have an expression in terms of the
uniformization parameter τ , which allows to find the exact position of the singularity.
Now we take a closed contour γk,1 on Σ1 starting at xk, passing through x0 and returning
to xk. (In terms of the uniformization parameter, it represents the interval [−φk, φk].) Then,
according to (28) and [11, 12], one can write
ZZZ (k, 1) = i
∮
γk,1
p dx. (77)
On the other hand, using the identification (74) and the symmetry of the (perturbed) FZZ
partition function, ZFZZ(s) = ZFZZ (−s), one obtains6
ZZZ(k, 1) = C [ZFZZ (i (τ0(k, 1)/pi + 1))− ZFZZ (i (τ0(k, 1)/pi − 1))] . (79)
This equation provides a geometric interpretation for the relation (46) in terms of the Riemann
surface Σ1 and gives its generalization to the theory perturbed by a tachyon potential.
The vanishing of ρ at singularities means that all of them are also singularities of the
complex curve M associated with the FZZ partition function. The result (79) gives the flow
with λ of the positions of the (k, 1) ZZ branes on M. In terms of the boundary cosmological
constant their positions are given by (27) through the relation (72). The two values of the
parameter s, which correspond to the singularity, are
s(k,±1) = i
(
τ0(k, 1)
pi
± 1
)
. (80)
3.5 Complex curves for (m, n) branes
Although the complex curve Σ1 describes only the (k, 1) branes, the initial Riemann surface
M was able to incorporate all (m,n) branes. Here we show how they can be obtained in a
similar way to the (k, 1) branes.
Regarding (60) and (80), it is natural to define
ρ(n) =
(−1)n
2pii
(w (s+ in)− w (s− in)) . (81)
An important fact is that all these functions can be expressed through ρ (60)
ρ(n)(s) = (−1)n−1
n∑
k=1
ρ(s+ i(n− 2k + 1)). (82)
6To obtain this result, one should take into account that∫
∂xZFZZ (i (τ0/pi + n)) dx(τ0) = (−1)n
∫
∂xZFZZ (i (τ0/pi + n)) dx(τ0 + pin). (78)
19
Therefore, using the identification (73) of ρ with the MQM momentum p and the explicit
expression of the latter following from (9), in principle, it is possible to find ρ(n) to all orders
in the Sine–Liouville coupling λ. However, since the relation between the parameters τ , which
is used to write p, and τ0, which is directly related to s, can be found only as a series in λ, we
cannot write a closed expression for ρ(n). Nevertheless, it is easy to find it in the first order in
λ. From (70) one finds
ρ(n)(s) = −D˜√µc=1

n sinh(pis)− pi
2
γ
(
1− 1
R
)
λ
L
µ
1
2R
−1
c=1
sin
(
pin
R
)
sin pi
R
cosh
(
pis
R
)
sinh(pis)

+O(λ2
L
). (83)
In fact, in this order this expression follows also from the one-point correlator on the disk
with iP = 1
2R
− 1 and with the FZZ boundary condition. But if we are interested in higher
orders, they are related to multi-point correlators which are not known in the CFT formulation.
On the other hand, as we just mentioned, the full expansion of ρ(n)(s) can be obtained from
p(x). Thus, MQM provides a set of predictions for the multi-point correlators with the FZZ
boundary conditions. In Appendix B we discuss the second order in λ which predicts the
two-point correlator of the Sine–Liouville operator.
Each of the functions ρ(n)(µB,c=1) defines a Riemann surface Σn. Let us discuss the singu-
larities of Σn which should be associated to D-branes of the c = 1 string theory. Repeating
the reasoning of the previous section, again one concludes that all singularities are given by
solutions of ρ(n)(s) = 0. We will call the corresponding values of the parameter s by sm,n where
the index m labels different solutions for a given n. It is clear that
sm,n = im+O(
√
λ). (84)
However, we cannot find even the first λ correction because, as it was explained after eq. (76),
the perturbative expansion breaks down near the singularities. Due to this, even the first
correction requires the knowledge of all terms in the expansion of ρ(n).
In fact, even the existence of the singularities is not guaranteed. We expect that if a
singularity exists it should be possible to find near it a complex coordinate in terms of which
both µ
B,c=1
and ρ(n) have a well defined expansion in the Sine–Liouville coupling. It is possible
to find such a parameter in several first orders in λ but at some point one gets an obstruction.
In the case of n = 1 this obstruction is absent and the parameter coincides with the Euclidean
MQM time τ . More details about this can be found in Appendix C. Thus, it is possible that
the perturbation removes all singularities of Σn, n > 1, except the trivial one with m = 0.
Nevertheless, if the singularities on Σn do exist, already the simple fact (87) is sufficient to
show that they would be related to the (m,n) ZZ branes. Indeed, as usual, each singularity
gives rise to a closed cycle. We choose γm,n as the image of the interval [−sm,n, sm,n] on the
plane of the parameter s. Then the explicit expression (83) together with (84) allows to find
piiC
∮
γm,n
ρ(n) dµB,c=1 = −
2√
piR
µc=1
(
mn +
R
pi
Γ2
(
1− 1
R
)
λ
L
µ
1
2R
−1
c=1
sin
(
pim
R
)
sin
(
pin
R
))
+o(λ
L
).
(85)
It is not difficult to check that this result in the two leading orders in λ coincides with the
partition function ZZZ (m,n) of the (m,n) ZZ boundary state (44). As in all previous cases,
we suppose that the coincidence remains to be true to all orders. Thus, the mth singularity
on Σn is indeed associated with the (m,n) brane.
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On the other hand, from the definition (81) and taking into account (78), one obtains
ZZZ (m,n) = piiC
∮
γm,n
ρ(n) dµB,c=1 = C [Z
FZZ(sm,n + in)− ZFZZ(sm,n − in)] . (86)
This relation provides a generalization of (46) to the perturbed case for all branes. Besides,
the result (86) gives also the positions of the (m,n) branes on the Riemann surface M. They
correspond to the following values of the parameter s
s(m,n) = sm,n ± in. (87)
Let us repeat that these results were obtained assuming that the singularities are present,
whereas the analysis of Appendix C shows that they most likely disappear after the perturba-
tion. In the non-perturbed case they are not independent and completely determined by the
singularities of Σ1, i.e., by the (m, 1) branes.
3.6 Rotation symmetry of the complex curve
Let us return to the complex curve Σ1. As we saw in section 2.3, the curve has singularities
not only on the axis p = 0, which we discussed so far. Since we expect that all singularities
are related to some non-perturbative effects, it is interesting to understand the origin of these
additional ones.
Let us recall the fact, which we already mentioned, that all singularities can be obtained
from the singularities belonging to the p = 0 axis by a certain rotation of the curve. There are
two cases. In the first one, one should rotate the curve by angle 2piRn. In the second case, one
should consider the curve for the Sine–Liouville coupling of a different sign and rotate it by
(2n−1)piR. The former transformation is a symmetry of Σ1 and the latter is a global rotation
which does not change the form of the original curve.
Due to this, closed cycles going through one of these additional singularities can be rep-
resented as a combination of the cycles γk,1 for the transformed curve and the corresponding
boundary state is given by a linear combination of the states we considered before. Moreover,
it is more natural to think about them as (k, 1) branes for the ‘rotated’ theory. The ‘rotated’
theory can be seen as a theory associated with a different section of Σ1, which produces one
of the ‘Fermi seas’ we met in section 2.3.
In fact, since the curve is invariant under rotations by αn = 2piRn, there appears an
interesting duality. When this symmetry is formulated in the CFT terms it means that the
theory with
µ′
B,c=1
= µ
B,c=1
cosαn − iD˜−1ρ sinαn, (88)
ρ′ = −iD˜µ
B,c=1
sinαn + ρ cosαn (89)
has the same instanton effects as the original one. (Note that this symmetry does not concern
the FZZ branes.) This is a symmetry of the full theory with a non-vanishing Sine–Liouville
coupling. It is clear that it is related to the discrete symmetry of the Sine–Liouville action (1)
under translations of the matter field X → X+2pinR. But now it is realized in the open string
sector and it may have some non-trivial consequences. It would be interesting to understand
whether it is trivial or indeed can provide something new.
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4 Discussion
In this paper we found a geometric description in terms of a Riemann surface for non-
perturbative effects in the c = 1 string theory with the Sine–Liouville potential which general-
izes the corresponding results for c < 1 theories [20, 21]. The main conclusions are essentially
the same as in [20]:
1) The Riemann surface is provided by the partition function of the FZZ boundary state.
2) A line integral of a one-form on the Riemann surface with a fixed reference point gives the
FZZ partition function, whereas the integrals around closed contours passing through pinched
cycles reproduce the partition functions of the ZZ branes.
3) The partition functions of the ZZ branes can be obtained as a difference of the FZZ
partition functions taken at two values of a complex parameter corresponding to the same
point (singularity) on the curve (79).
However, contrary to [20], the Riemann surface arising here is not the same as the one ap-
pearing in the matrix model and describing the ground ring. The exact relation between them
is given by (60) or (74). Note that according to this identification the boundary cosmological
constant is mapped to the matrix eigenvalue which is identical to the fermionic coordinate.
The origin of this identification of the complex curve describing a closed string background
with a curve of open string theory is not quite clear for us. It can be justified from the matrix
model point of view following [24], but its direct CFT interpretation is lacking. In fact, it
implies a non-trivial relation between the ground ring of bulk operators and D-branes of the
c = 1 string theory. This relation is an example of the open/closed string duality and it would
be quite interesting to understand it in detail.
All our results are supposed to be true also for a finite perturbation by tachyons or wind-
ings. In this paper we restricted ourselves to the Sine–Liouville potential corresponding to the
simplest time-dependent tachyon condensate. Since the corresponding matrix model is exactly
solvable, our results provide some new predictions for the CFT correlation functions of open
strings. As a concrete example, we calculated a two-point bulk correlator on the disk with the
FZZ boundary conditions (104). The main interesting feature of this correlator is the presence
of pole singularities at the points corresponding to the (m,n) ZZ branes. On can draw an
analogy with a propagator in QFT which has poles at the values of momentum corresponding
to physical states. Then according to this picture the (m,n) branes would play the role of such
‘physical’ states.
Unfortunately, we were not able to make a definitive conclusion about the fate of the (m,n)
branes with n > 1 in the c = 1 string theory. Our analysis implies that they may disappear
after the perturbation. However, to make a rigorous statement, one should know how to sum
up the perturbation series for the FZZ partition function, which we could not do.
Since the FZZ partition function is related to the resolvent of MQM, one could think that
the integrability allows to find it exactly. However, the integrability is present in the chiral
coordinates, whereas we need the resolvent which is a function of the original coordinate x. It
is not clear how to translate the results from the light cone formulation to this representation.
Actually, this reflects the usual problem. We had to work in the x-representation to establish
connection with the CFT results. At the same time, MQM provides another set of variables
which is more natural, but its interpretation in the CFT terms is obscure.
Returning to the question about the (m,n) branes, let us note that it is natural if the
(m,n) branes do disappear because only the Riemann surface Σ1 has an interpretation in the
matrix model. All other surfaces Σn seems to be auxiliary. Besides, there is no place in MQM
22
for the non-perturbative corrections corresponding to all (m,n) branes.
Another hint to this issue is provided by the above mentioned two-point correlator. It
is natural to expect that not only this, but also all multi-point correlation functions diverge
at the points of the (m,n) branes. Therefore, there is a question whether the whole series
defining the perturbed disk partition function diverges or not at these points. The finiteness
of the results for the (m, 1) branes indicate that in this case, nevertheless, it is possible to sum
up the perturbation series to a well defined function. However, for general m and n it may be
impossible what indicates the disappearance of the (m,n) branes.
Finally, we mention that it would be natural to generalize the results obtained in this paper
and in [20] to the case of the supersymmetric cˆ = 1 theory [17]. The only restriction which may
appear is to find the corresponding complex curve for a finite tachyon perturbation because no
explicit solution is known for MQM in the two-side inverse oscillator potential with the Fermi
sea perturbed from both sides.
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A Relative normalization of CFT and MQM couplings
The relation between coupling constants can be obtained from the requirement that the free
energy of the perturbed MQM coincides with the spherical partition function of the Sine–
Liouville theory (1). The former has the following λ-expansion [29]
F0(µ, λ) = −R
2
µ2 log µ− λ2µ1/R +O(λ4). (90)
The first terms in the expansion of the Sine–Liouville partition function can be calculated by
integrating bulk three-point correlation functions as follows
Zsphere = − lim
b→1
[∫
dµ
L
∫
dµ
L
∫
dµ
L
〈VbVbVb〉sphere
+
λ2
L
2
〈
cos2(X/R)
〉
sphere
∫
dµ
L
〈Vb− 1
2R
Vb− 1
2R
Vb〉sphere
]
+O(λ4). (91)
Three-point correlation functions in Liouville theory have been calculated in [42, 43]. In par-
ticular, the three-point correlators appearing in (91) are given by
〈VbVbVb〉sphere = b−1 [piµL]1/b
2−2 [γ(b2)]1/b
2
γ(2− 1/b2), (92)
〈Vb− 1
2R
Vb− 1
2R
Vb〉sphere = b−1
[
piµ
L
γ(b2)
] 1
b2
+ 1
Rb
−2
γ(b2)γ
(
b
(
b− 1
R
))
γ
(
2− 1
b2
− 1
Rb
)
. (93)
Integrating with respect to µ
L
and neglecting non-universal µ2
L
terms, one finds
Zsphere = − 1
2pi3
µ2
c=1
logµ
c=1
− R
4pi
λ2
L
µ1/R
c=1
γ2
(
1− 1
R
)
+O(λ4). (94)
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Comparing (90) and (94), one obtains
µ
µc=1
=
1√
pi3R
,
λ
λ
L
=
√
R
4pi
(
pi3R
) 1
4R γ
(
1− 1
R
)
,
(
y
y
L
) 1
2R
−1
=
piR
2
γ
(
1− 1
R
)
, (95)
where we introduced y
L
= µ
c=1
(
1−R
R3
λ2
L
)− R
2R−1 similarly to the scaling parameter (12) in MQM.
B Two-point correlator from the matrix model
In this appendix we generalize the results of section 3.3 about the matrix model curve ΣMQM
to the second order in λ. From this generalization we also give some predictions concerning
the complex curve M and two-point correlation functions.
The generalization of (62) to the next order reads as follows
x(τ) =
√
2µ

cos τ + λ
R
µ
1
2R
−1 cos
((
1− 1
R
)
τ
)
+
(
1
R
− 1
)
λ2
2R2
µ
1
R
−2 cos τ

 +O(λ3), (96)
p(τ) = −i
√
2µ

sin τ + λ
R
µ
1
2R
−1 sin
((
1− 1
R
)
τ
)
+
(
1
R
− 1
)
λ2
2R2
µ
1
R
−2 sin τ

+O(λ3).(97)
The solution of the first equation with respect to τ is
τ(x) = τ0(x) +
λ
R
µ
1
2R
−1 cos((1− 1R)τ0(x))
sin τ0(x)
(98)
+
( 1R−1)λ2
2R2
µ
1
R
−2 cot τ0(x)
(
1− 2 sin(2(
1
R
−1)τ0(x))
sin(2τ0(x))
− R
1−R
cos2(( 1R−1)τ0(x))
sin2 τ0(x)
)
+O(λ3).
Substituting this solution into (97), one obtains
p(τ0) = −i
√
2µ
[
sin τ0 +
λ
R
µ
1
2R
−1 cos τ0R
sin τ0
(99)
− λ2µ
1
R
−2
2R2 sin τ0
(
cos2(( 1R−1)τ0)
sin2 τ0
+
(
1
R
− 1
) sin(( 2R−1)τ0)
sin τ0
)]
+O(λ3).
This equation describes the complex curve Σ1 up to the second order in the Sine–Liouville
perturbation. This order corresponds already to the two-point correlation function of the
Sine–Liouville operator
T =
∫
d2σ cos(X/R) V1− 1
2R
. (100)
Now we show how this correlator can be extracted from the curve (99). First, using the
property (82) and the identifications (73) and (71), one can find all functions ρ(n)
ρ(n)(s) = −C˜−1
√
2µ
[
n sinh (pis)− λ
R
µ
1
2R
−1 sin(pinR )
sin pi
R
cosh pis
R
sinh(pis)
− λ2µ
1
R
−2
4R2 sinh3(pis)
{
n+ (101)
sin( 2pinR )
sin 2pi
R
(
cosh
(
2
(
1
R
− 1
)
pis
)
− 2
(
1
R
− 1
)
sinh (pis) sinh
((
2
R
− 1
)
pis
))}]
+O(λ3),
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where we kept MQM couplings to avoid huge coefficients. This result allows to restore the full
function w(s), describing the curve M, up to a periodic term. It is given by
w(s;λ) = −piC˜−1√2µ
[
s sinh (pis)− λ
R
µ
1
2R
−1 sinh pisR
sin pi
R
sinh(pis)
(102)
− λ2µ
1
R
−2
4R2
{
1
sinh3(pis)
(
s+
sinh(2( 1R−1)pis)
sin 2pi
R
− 2
(
1
R
− 1
)
sinh(pis)
sin 2pi
R
cosh
((
2
R
− 1
)
pis
))
− g(s)
}]
+O(λ3).
where g(s + 2i) = g(s). We also require that w be a symmetric function of s as it is in the
non-perturbed case. Hence, we have the additional constraint g(−s) = g(s). This fixes g to
be a meromorphic function of µ
B,c=1
: g(s) = g˜(cosh(pis)). Although such contribution seems
to be trivial, it can obtain non-trivial analyticity properties after integration with respect to
µ
B,c=1
. Performing the integration, one obtains
ZFZZ(s;λ) = −2C−1µ
[
1
4pi
(
pis sinh (2pis)− 1
2
cosh (2pis)− (pis)2
)
− λµ 12R−1 cosh pisR
sin pi
R
(103)
+ λ
2µ
1
R
−2
4R2
(
s coth (pis)− 1
pi
log sinh (pis) +
sinh(( 2R−1)pis)
sin 2pi
R
sinh(pis)
+
∫
g˜(cosh(pis)) d cosh(pis)
)]
+O(λ3).
The last term in (103) gives (one half of) the two-point correlation function of the Sine–Liouville
operator T (100) on the disk with the Neumann boundary conditions on the Liouville field and
the Dirichlet conditions on the matter field X . Rewriting it in terms of the CFT couplings by
means of (95), one finds the following prediction of MQM
〈T 2〉s,Dir = − piD25/4√R λ2Lµ
1
R
−1
c=1 γ2
(
1− 1
R
)(
s coth (pis) +
sinh(( 2R−1)pis)
sin 2pi
R
sinh(pis)
(104)
+
∫
g˜(cosh(pis)) d cosh(pis)− 1
pi
log sinh (pis)
)
.
We grouped the logarithmic term together with the integral of g˜ because, in fact, it can
be canceled by an appropriate choice of this function. For example, it is enough to take
g˜(x) = 1
pi
x
x2−1 . Unfortunately, the function g˜ is not fixed by our approach. But since the
logarithmic singularity is quite unexpected, most likely, it is indeed canceled by g˜. On the
other hand, the poles of the first two terms in (104) are unavoidable. Thus, in contrast to
the one-point bulk correlator, the two-point correlation function has pole singularities at the
values of the parameter s corresponding to the (m,n) branes.
C Singularities of Σn
For all quantities we encountered, the perturbative expansion in the Sine–Liouville coupling
breaks down near the singularities of the Riemann surfaces when the quantities are considered
as functions of the parameter τ0. The reason for that can be traced out to the divergence of the
multi-point correlation functions with the FZZ boundary conditions at the points τ0 = pik. As
a result, the perturbative expansion does not allow to find the positions of the (m,n)-branes
associated to the singularities. In other words, we cannot solve the equation ρ(n) = 0.
A way to avoid this obstacle would be to find a parameter in terms of which all relevant
functions are analytic near the singularities and have a well defined expansion in λ. In the case
of the Riemann surface Σ1, such a parameter is given by the Euclidean time τ . Therefore, it is
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natural first to try to use this parameter also for n > 1. To express ρ(n) through τ , one should
invert the relation (98) and then substitute the result into (101). The first step gives
τ0 = τ− λµ
1
2R
−1
R
cos
((
1− 1
R
)
τ
)
sin τ
− λ
2µ
1
R
−2
2R2
cot τ

 1
R
− 1 +
cos2
((
1
R
− 1
)
τ
)
sin2 τ

+O(λ3). (105)
The substitution of this expansion into (101) leads to the following horrible expression
ρ(n)(τ) = −iC˜−1
√
2µ
[
n sin τ (106)
− λ
R
µ
1
2R
−1

sin(( 1
R
− 1
)
τ
)
+

1− sin
(
pin
R
)
n sin pi
R

 cos τR
sin τ


− nλ
2µ
1
R
−2
2R2 sin3 τ



1− sin
(
pin
R
)
n sin pi
R

+ ( 1
R
− 1
)cos2 τ − sin
(
pin
R
)
n sin pi
R


+
1
2

1− ( 1
R
+ 1
) sin (pin
R
)
n sin pi
R
+
1
R
sin
(
2pin
R
)
n sin 2pi
R

 cos(2( 1
R
− 1
)
τ0
)
+
1
2
(
1
R
− 1
) sin (pin
R
)
n sin pi
R

1− cos
(
pin
R
)
cos pi
R

 cos 2τ
R



+O(λ3).
The main feature of this result is that each order in λ contains terms proportional to λk (sin τ)1−2k
similarly to (101). This shows that for n > 1 the expansion of ρ(n)(τ) does not differ quali-
tatively from the expansion of ρ(n)(τ0) and, hence, the parameter τ does not provide a well
defined expansion.
Thus, one should look for another parameter τ˜(τ0). The minimal requirement would be
that the largest singularity in the kth order in the expansions of x(τ˜ ) and ρ(n)(τ˜) is (sin τ˜)
−k.
Then both expansions are well defined provided that near a singularity of Σn the parameter τ˜
behaves as τ˜m,n = pim+O(
√
λ). However, we see that the number of conditions is twice more
than the number of free coefficients in τ˜ (τ0). Therefore, we do not expect that there exists a
solution of this problem. If this is indeed the case, this means that there is no well defined
coordinate parameterizing the Riemann surface Σn near the zeros of ρ(n) and we remain with
two possibilities: either the zeros correspond to essential singularities or there are no zeros,
and consequently there are no singularities at all. Thus, our conclusion is that most likely after
the perturbation by the Sine–Liouville operator the complex curves Σn with n > 1 do not have
singularities (except the trivial one with m = 0) and the (m,n) ZZ branes do not appear in
the perturbed c = 1 string theory.
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